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THIS STUDY EXAMINES THE LINEAR INSTABILITY in a channel flow of the Navier—
Stokes—Voigt viscoelastic fluid, influenced by couple stresses. It confirms the ap-
plicability of Squire’s theorem and develops a generalized eigenvalue problem for
two-dimensional modes using two Chebyshev collocation methods. This problem is
then solved with the QZ algorithm. Despite the base flow maintaining characteristics
of the Newtonian fluid, the instability of the fluid flow is significantly affected by the
presence of the Kelvin—Voigt parameter and the couple stresses parameter. Numer-
ical results showed the effect of increasing the couple stresses and the Kelvin—Voigt
parameters on the stability of the system. As the value of these parameters increases,
the critical values of the Reynolds number begin to increase, which initially indicates
a stabilising effect.

Key words: Poiseuille flow, couple stresses, Navier—Stokes—Voigt, linear instability,
Chebyshev collocation.

® Copyright © 2026 The Authors.

@ Published by IPPT PAN. This is an open access article under the Creative Commons
BY Attribution License CC BY 4.0 (https://creativecommons.org/licenses/by/4.0/).

1. Introduction

THE INVESTIGATION OF THE STABILITY AND INSTABILITY of classical laminar
flows of incompressible fluids has garnered significant interest from researchers,
both theoretically and experimentally, due to its relevance in various physical
contexts, including astrophysics, meteorology, oceanography, geophysics, and
engineering [1]. Understanding the transitions of laminar flow into unstable
and chaotic flow is far from complete, leading to its ongoing importance as
a research topic. Inspired by Reynolds’ work, in [2, 3], it has independently
conducted theoretical studies, leading to the derivation of the Orr—Sommerfeld
equation by analyzing small, traveling-wave perturbations in a steady, parallel
flow. This equation, when applied to plane Poiseuille flow, indicates instability.
Research on the stability of plane Poiseuille flow has expanded in various direc-
tions, considering factors such as the effects of a transverse magnetic field [4, 5],
throughflow [6], and its counterpart in porous media [7-16]. In addition to the
above references, there are many other studies that included the study of fluid
flow problems [1721].
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Couple stresses are instrumental in dissecting the mechanical behaviour and
flow dynamics of complex fluids that contain microstructures, such as sus-
pensions, polymeric solutions, and non-Newtonian fluids. Couple stress fluids
provide a more elaborate account of fluid flow behavior, by considering the in-
herent rotation of molecules in their microstructure, which is not included in the
classical definition of the vorticity field. The micropolar fluid model includes
a vectorial microrotation field along with an extra set of three constitutive rela-
tions, whereas the model for couple stress fluid assumes the proportionality of
the microrotation to the vorticity. In this way, the three-dimensional quantity
is reduced to one scalar quantity. In fluids with microscopic characteristics, cou-
ple stresses offer additional stress factors compared to ordinary shear stresses.
This influences how the fluid reacts to external stimuli and, in some instances,
might even cause the fluid’s constituent parts to align. This orientation might
change the fluid’s effective viscosity, and thus it would have an impact on laminar
stability, turbulence transition, as well as velocity profiles in pipes and channel
flow [22].

Couple stresses explain tiny rotations inside fluids that affect heat, mechan-
ical force, energy dissipation, and even more than just fluid motion. They can
also change the way boundary layers are formed just before solid surfaces |23].
Due to the significant effects of couple stresses, typical fluid mechanics models
may fail in complicated geometries or porous materials [24]. First of all, they
are very important in the scattering and orientation of particles in suspensions,
which determines how these mixtures flow and settle [25]. Couple stresses rep-
resent a fascinating topic of research which is opening new perspectives in the
field of fluid dynamics. Several convection models have been studied lately to
demonstrate how these stresses affect stability and instability conditions [26-28].

Traditional fluid dynamics models, which rely on the Navier—Stokes equa-
tions, find it very challenging to depict complex fluid behaviour. In contrast to
simple fluids, such fluids exhibit a “memory” effect. In fact, their response
to stress depends not only on the current turnover of velocity but also on the
past one. Hence, researchers have been motivated to formulate novel theories
that would lead to a more accurate description of viscoelastic fluids. A couple
of very recent research papers [29, 30| have delved into the complex behaviour of
these fluids and thus provide very useful information about their unique features.

The majority of current research has focused on complex viscoelastic mate-
rials, particularly those categorized as Voigt—Kelvin materials. Publications such
as [31] highlight important improvements to the subject that have significantly
influenced our comprehension of these items. Theory for Kelvin—Voigt fluids
have been developed, firstly in the studies of [32], and have been significant
in improving our understanding of the dynamic behaviour of these viscoelastic
materials. These fluids are fascinating because they can replicate the behaviour
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of materials in everyday life. In contrast to more basic mathematical models,
stress relies on both the present condition and the deformation history of the
material. In particular, this study explores Kelvin—Voigt systems with ther-
mal effects, as thoroughly discussed in [33]. It is essential to comprehend how
heat affects the mechanical characteristics of viscoelastic materials, and [33] of-
fers a useful starting point for this investigation. This research focuses on the
Navier—Stokes—Voigt equations, which take couple stress effect into account. Re-
cent research has studied stability and instability for some convection models
under the effect of couple stresses [34-H40]. These studies provide detailed un-
derstandings of the behaviour of Kelvin—Voigt medium that in turn help in the
control and development of complex systems for real, world applications.

Although instabilities related to Kelvin—Voigt fluids of different orders have
been extensively studied in horizontal Bénard type geometries (free convection),
the hydrodynamic stability (forced convection) of such fluid flows has not yet
received significant attention in the literature. Researchers focus heavily on the
transition from laminar to turbulent regimes in viscoelastic flows due to their
application in various technological processes and the potential for significant
reductions in turbulent friction in dilute polymer solutions. Understanding the
combined effects of inertia and viscoelasticity is crucial for the phenomenon of
turbulent drag reduction in parallel shear flows [41]. This study aims to analyze
the stability of plane Poiseuille flow of the Kelvin—Voigt fluid of order zero, also
known as the Navier—Stokes—Voigt fluid. The neutral stability condition and
the critical Reynolds number are determined for various values of viscoelasticity
controlling parameters, revealing some novel results not found in other types
of viscoelastic fluid flows. There are wider uses for the insights gained from
researching the instability of Navier—Stokes—Voigt fluids with couple stresses.
Fluid mechanics is not the only discipline it affects; it also has an impact on
materials science, which helps us figure out how materials flow, biomedical en-
gineering, which helps us build better biomaterials, and environmental science,
which helps us create models that mimic the movement of pollutants in water.

In [42], it has analyzed the temporal stability features of plane Poiseuille
and plane Couette configurations for a viscoelastic fluid that obeys the Navier—
Stokes—Voigt model. Basically, the set up is a flow between two infinitely long,
rigid and parallel plates that can be either fixed or moving relative to one an-
other. Besides that, [43] investigates linear stability of a pressure, driven channel
flow of an electrically conducting viscoelastic fluid that is modeled by the same
Navier—Stokes—Voigt system, and the influence of a transverse magnetic field
which is externally applied, is also considered.

The work essentially delves into the linear stability analysis of a pressure,
induced channel flow of a Navier-Stokes—Voigt type viscoelastic fluid in the
presence of couple stresses. The mathematical formulation of the problem leads
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to a generalized eigenvalue problem for two, dimensional perturbations which is
solved numerically through the QZ algorithm. While the base flow of the fluid
shows characteristics similar to those of a Newtonian fluid, the stability traits
get largely affected by the Kelvin—Voigt parameter and the couple stresses pa-
rameter, as well. The obtained results reveal, that, physically unstable modes
can develop only in a restricted range of the Kelvin—Voigt parameter and, more-
over, the degree of instability is strongly influenced by the value of the couple
stresses parameter.

In the next section, we present the mathematical model of the problem un-
der study, followed by presenting the steady solution to the problem, for which
instability is studied. Also, perturbation variables and equations governing for
perturbations are presented. This is followed by the derivation of linear instabil-
ity equations in Section [3| Section {4]is concerned with presenting the proposed
numerical methods for solving the system of eigenvalues resulting from linear
instability analysis, where two methods are proposed and the advantages and
disadvantages of using both methods are discussed in detail. Section [5| presented
the numerical results that were calculated and analyzed these results in detail.
The last section was dedicated to mentioning the conclusions we reached through
this study.

2. Mathematical model

In this study, we investigate the couple stress effects in a pressure driven
Poiseuille-type flow. The flow fills the area (x,y) € R? and z € (—H, H), and
the motion is for ¢ > 0. The fluid motion in this region is determined by the
following equations of motion:

p(1 = AAW 4 (V- V)V) = —VP + pAV — GA%Y,

21) V-v=0.

Here, the quantities v, pl, p, A, 1, and [ are the velocity vector, pressure, fluid
density, Kelvin—Voigt parameter, effective (dynamic) viscosity, and the viscosity
related to couple stresses, respectively; refer to |7}, 44, |45] for more details. The
system is also supplemented by the following boundary conditions:

(2.2) v=0 onz==H.

Introducing characteristic scales H for the length, ‘70 for the velocity magnitude,
H/Vj for time and uVy/H for pressure, the governing equations 1) are made
dimensionless as follows:

Re[(1 —nA)V ¢ + (V- V)V] = —Vp + AV — KA%Y,

(23) V-v=0.
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Here, Re denotes the Reynolds number, which measures the ratio of inertial
forces to viscous forces within the fluid, n is the dimensionless Kelvin—Voigt
parameter, K represents a dimensionless coefficient of couple stress viscosity,
which are defined by the following relationships:

Re:pHVO, 77:%, K:LQ.
W H uH

The equations apply within the domain (z,y) € R? x z € (=1,1) x t > 0. The
associated boundary conditions are as follows:

(2.4) v=0 onz==l.

The fluid movement occurs in the space between two infinitely long horizon-
tal plates which are positioned parallel to each other at z = —1 and 2z = 1.
Both plates are fixed and do not move. The flow of the fluid is propelled by
a uniform pressure gradient F directed along the positive x-axis. This force is
described mathematically by the following expression:
op
o =FE>0.

In the context of this formulation, variables decorated with an overbar indicate
their steady, state values. The base flow is considered to be fully developed,
steady, laminar, and unidirectional along the spatial axis. Hence, it is written
as Vg = (Up(2),0,0) with the subscript (B) denoting the base (or basic) state.
Making these assumptions, Eq. reduces to the following ordinary differen-
tial equation:

(2.5) (Up)"(z) = K(Up)W(2) + E =0,
with no-slip boundary conditions:
(2.6) (Up)'(2) =0, Up(z)=0, =z==1.

By solving Eq. (2.5) and applying the boundary conditions ([2.6)), we derive the
following solutions:

o Kcosh(ﬁ) 1
(2.7) Up(z)=E cosh(\/%)_K—l_Q(l_ZZ) .

In the equation mentioned, F represents the pressure gradient, which is deter-
mined from the centerline velocity as detailed in |7]. The calculation of E is
outlined as follows:

2 cosh(

—+=)
_ VK
(28) E= 2K[1 — cosh( )] osh(

Eny
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Substituting (2.8 into (2.7)) produces the following result:

B 2K [cosh(—%) — cosh(—=)] + cosh(iK)[l — 22

_ VE VE VE
(2.9) Up(2) = 2K[1 - cosh(\/—%)] + COSh(\/%)

In the limiting case K — 0, the model reduces to the classical scenario, and the
associated no-slip base profile becomes Upg(z) = 1 — 22, which coincides with
the well-known parabolic Poiseuille solution reported in [1].

We consider perturbations u = (u,v,w) and II with respect to the steady
solutions Up and pp, respectively. These perturbations are expressed in the
following form:

(2.10) U1 :UB—f—u, U2 = v, U3 = w, ﬁ:§B+H.
Inserting ([2.10]) into (2.3) yields the following equations for the disturbances:
Re[(1=nA)us + (u-V)u+ (Up - V)u+ (u-V)Ug]

(2.11) = —VII + Au — KA?u,
V-u=0.

3. Stability analysis

We ignore the nonlinear terms in Eq. (2.11) to explore linear instability,
which gives us the following linear system:
Re[(1 —nA)u; + (Up-V)u+ (u-V)Up] = VI + Au — KA?u,

(3:-1) V-u=0.

As u = (u,v,w), the representation of (3.1]) can be as follows:

Re[(l —nA)u+ Upu,, + w(ﬁB)’] =1, + Au— KA,
Re[(1 —nA)v,; +Upv ] = —11 , + Av — K A%y,
Re[(l —nA)w ¢ + UBw,m] =—II ,+ Aw — KA?w,

Uz + 0y +w,=0.

(3.2)

The conditions for the boundaries are
(3.3) u=v=w=0 onz==l

To analyze linear instability using the equations in (3.2)), the normal modes
approach is utilized. This method assumes that the perturbation velocity and
pressure fields are of the form exp[ify +ia(z — ct)], representing a wave-like dis-
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turbance propagating through the medium. In a similar way, the stream function
of the disturbance velocity that contains the velocity components u, v, and w,
is given by:

(3.4) {u,v,w, I} (x,y, z,t) = {u,v,w, I1}(z) exp[ify + ia(z — ct)].

In Eq. (3.4), {u,v,w,II}(2) refer to the amplitude components of the stream
function, while o and [ are the horizontal and vertical wave numbers, respec-
tively. The complex parameter ¢ accounts for both the wave speed (its real
part) and the growth rate of the disturbance (its imaginary part). The moment
when the growth rate is zero determines the point of transition from stability
to instability of the flow, and such a condition is called neutral stability. Thus,
substituting Eq. into Eqgs. results in the following;:

(35) Ref{ia(Up—[1—n(D*—a® - B*)]c)u+w(Up)'}

= —iall 4 (D? — o® — %)u — K(D? — o* — 8*)%u
(3.6) Re{ia(Up—[1 —n(D*—a® - %)]c)v}

= —ifIl+ (D* — o® — §%)o — K(D* = o® — %)%,
(3.7)  Re{ia(Up—[1 —n(D* —a® — B%)]c)w}

= —DI+ (D* - a® — Bw— K(D* — o® — %)%w
(3.8) i(au+ pv) + Dw =0,

where D = d/dz is the differential operator. The corresponding boundary con-
ditions are

(3.9) u=v=w=0 onz==l.

Takashima’s work in [46 47] highlights that the three-dimensional problem
described can be simplified to a two-dimensional one using a modified ver-

sion of Squire’s theorem. Specifically, this involves sett ing a®> = o + (2, all =
au + Bv, aRe = aRe, atw = aw and II = II, in Egs. 5) through 1) after

adding [(3.5)) x a with . x f]. Consequently, Eqgs. 1) through (3.9)) are
simplified to:

(3.10) ia’Re(Up — [1 — n(D? — a®)c) + avRe(Up)’
= —ia®’I + (D? — a®)ai — K (D? — a®)%ad,
(3.11) iaRe(Up — [1 — n(D? — a?)c)w}

= —DII + (D? — a®)i» — K(D? — a®)%w,
(3.12) iat + D = 0.
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By applying the continuity equations , one can eliminate II, there by de-
riving a pair of equations that only involve w. This reduction is achieved by
subtracting Eq. multiplied by ia? from the z-derivative of Eq. . The
equations that result from this process are:

(3.13) (Up —c[1 - n(D?* — a2)])(D2 —a®)w —w(Up)"
1
- iaRe(D2 o)~

K

D2 — 23w,
iaRe( o) w

Furthermore, the boundary conditions include the following expression:

(3.14) w=Dw=Dw=0 onz==+l.

4. Numerical method

The stability eigenvalue problem described by Egs. and , result-
ing from the form of the boundary conditions and the presence of the functions
Up and (Up)” in the system, requires numerical solutions, as analytical methods
are not feasible. Various numerical methods have been used to solve eigenvalue
problems such as this one, and a lot of research work has been devoted to sum-
marizing such methods in [1]. One of those methods is the shooting method,
which is simple to understand but has real practical problems, for example, the
need for a very accurate guess for the initial eigenvalue and the fact that only
one eigenvalue can be followed at a time. The compound matrix method is an-
other alternative that can be found in [48-50], and it is normally considered
a better method than the shooting methods [49]. Nevertheless, it will not give
you a general picture of the entire eigenvalue spectrum. The finite difference
method is easy to understand and can be used in many situations but, it is of-
ten the case that people do not use it because it requires a very fine spatial and
temporal discretization that can lead to extremely high computational costs as
well as considerable demands on computer memory. One of the techniques that
is continuously referred to, is the Chebyshev collocation method [51] which is
one of the best methods among others in this field according to the literature.
This is a very powerful method as it provides exponential convergence with
very few collocation points and thus mitigates most of the difficulties encoun-
tered with other methods. Recently, there have been several papers reporting the
use of this method to tackle the eigenvalue systems of hydrodynamic stability
problems [52H57].

With the introduction of the functions Q@ = Dw and A = D3w, the system
in can be reformulated as follows:
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Dw—Q =0,
D*Q— A =0,
[a4 + Ka® +ia® Re(Up) + iaRe(Up)"|w
—[2a® + 3a*K + iaRe(Up)| DQ + [D + 3¢° KD — KD A
= —iaRec[(DQ — a*w) — n(DA — 2a*DQ + a4w)].

(4.1)

Based on the revised definitions, the boundary conditions (3.12)) are reformulated
as follows:

(4.2) w=0=A=0, z==I1

In the following analysis, we introduce two methods to numerically verify the
results of the eigenvalue system. Both methods are capable of approximating
the solution with high precision. The key difference between them lies in their
approaches to integrating boundary conditions and in their strategies for im-
proving accuracy by increasing the number of polynomials used.

4.1. Method I

In this method, we represent the solutions to Eqs. (4.1) and (4.2)) using a fi-
nite series of Chebyshev polynomials. Therefore, the solutions can be described
as follows:

=42 E+2 =+2

(43)  wE) =Y wehi(s), Q) =Y On(:), AR =Y Ai()
=0 £=0 £=0

where T¢(z) denotes the Chebyshev polynomial of the first kind, defined as
follows:
Te¢(z) = cos(§ arccos(z)), —-1<z<1.

Subsequently, by substituting (4.3)) into (4.1) and (4.2)), and verifying that the
resulting equations adhere to the Gauss—Lobatto points, which are characterized

as

(4.4) y§:c05<€,§>, £E=0,..., 2.

Here, = represents the number of Chebyshev polynomials used in the spectral
expansion in total, with = being a positive integer. The indices ¢ = 0 and
¢ = E refer to the lower and upper wall boundaries, respectively. As a result
of the discretization process, it is possible to derive 3=,3 algebraic relations
that involve 3= + 3 unknown coefficients, i.e., wq, ..., w=y2, Qo, ..., L=t2, and



10 S. S. HajooL, A. J. HARFASH

Ao, ..., Az19. The system is closed by adding six more equations through the

implementation of the specified boundary conditions, which are:

E+2 =E+2

51 : ng = 0, SQ : Z(—l)gwg = 0,
£=0 £=0
=42 =42

Ss: Y Qe=0, Si: Y (-1)%Q =0,
£=0 £=0
=+2 =E+2

55 : ZAg = 0, SG : Z(—l)gl\g =0.
£=0 £=0

The discretized forms of the boundary conditions are combined directly with
the algebraic eigenvalue framework, thus resulting in a square system of size
(32 + 3) x (32 + 3). Through this formulation, the entire eigenvalue problem

can be illustrated in matrix form and is given by:

D —1I M,
St Vo Vo
Se Vo Vo
My, D? —I
(4.5) Vo S3 W | X

Vo Sa W
w11 W12 W13
Vo Vo Ss
Vo Vo Se

My My Moy

Vo Vo Vo

Vo Vo Vo

My My My

=c Vo Vo Vo

Vo Vo Vo

ia® Re +ia® Ren —(ia Re +2ia® Ren)D ia RenD
Vo Vo Vo
Vo Vo Vo

where My and Vj are the zeros matrix and vector, respectively,
X = (wg, ..., w=y2,,...,0=12,Ao, ..., A=zy2),
@11(é1,&2) = [a" + a°K +iaRe(Up(ye,)a® + (Up)" (ye,)) 1 (&1, &2),
w12(€1,&2) = —[2a + 3a* K + iaRe U (v, )|D(&1, &2),
w131, &2) = [1 + 3a°K|D(1, &2) — KD (&1, &2),
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1(51’62) :Tﬁz(y&)a
D(&1,&) =T, (ye,), D*(&1, &) = TE (ye,),
DA(&1,&) = T (ye,), & =0,...,5, &=0,....E+2.

The MATLAB software was used to calculate the matrix values, followed by
the determination of the eigenvalues and the performance of all additional cal-
culations.

4.2. Method II

Method IT shows a major step forward over Method I in that it changes the
depiction of solutions to be a linear combination of only a limited number of
functions. These functions, obtained from Chebyshev polynomials, satisfy the
boundary conditions automatically, thus there is no need to explicitly impose
them in Method I as there was. In an effort to raise the level of accuracy while
using fewer polynomials, Method II is different from Method I in that Method I
increments by 1 only, whereas Method II utilizes both odd and even Chebyshev
polynomials, doubling their order by 2. Thus, system solutions are composed as
follows:

(4.6) w = 2%95(2), Q= i: Qede(2), Z Agope(z)

where 0 and ¢, are defined by

(4.7) Oc(2) = (1 = 2°)Toe a(2),  ¢e(2) = (1 — 2*)Toe 1 (2).

In Method II the operator T¢(z) defined in Method I is taken as a basis with
¢ and ¢¢ being the basis functions. The choice ensures that the solutions for
w,  and A automatically satisfy the boundary conditions of Eq. . This
clever move not only makes the process easier but also embeds the solvent to be
consistent with boundary conditions right from the solvent framework thus no
further changes or revisions are necessary.

After this, Eq. is integrated into . Following this integration, the
Gauss—Lobatto points are utilised, which are defined as follows:

(4.8) ye =cos[(E—1)/(22—D)7], £=0,...,E

Using the Gauss-Lobatto collocation points and substituting 6 and ¢¢ in the
governing equations, the continuous problem is transformed into a finite number
of algebraic equations. The system obtained is of size 3(£+ 1) corresponding to
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the unidentified coefficients wyo, ..., ws, Qq,...,Q=, and Ag, ..., A=. Hence, the
algebraic equations can be reformulated as follows:

DO —I¢p My
(4.9) My D?¢ —I¢ | X
D11 Oz 013
My My My
=C Mo Mo Mo X,

(ia® Re +ia® Ren)If —(ia Re +2ia® Ren)D¢ ia RenDe
where X = (wg, ... ,wé,Qo, ooy, Q=, Ao, ..., Az), My is the zero matrix,

0110(¢1,82) = [a* + a°K +iaRe(Up(yg, )a® + (Up)" (ye, ) 10(61, &2),
D126(&1, &2) = —[2a® + 3a* K + ia Re U p(ye, ) Do (&1, &),

0126(1,62) = [1 + 3a° K|Do(&1, &2) — KD’¢(E1, &),

10(61,62) = 0c,(ye,),  10(61,€2) = 06, (ye,),  DO(E1,&2) = O, (vey ),
Do (&1, &2) = 0, (), D?0(61,&) = 05, (ve),  DPd(61.&2) = 0 (yey)
£ =0,....2, &=0,...,

[

We utilised the QZ algorithm from Matlab routines to compute the eigen-
values ¢; of system . After obtaining the eigenvalues ¢;, we used the secant
method to determine the real and imaginary components of each eigenvalue,
denoted as ¢; = ¢, + ic;. The critical value of the Reynolds number (Re) for
a given a? is identified at the point where c1, = 0, with ¢, being the largest
real part of the eigenvalues. Following this, the golden section search method
was applied to optimize over a? and find the critical Re for linear instability.

5. Stability analysis results

This study primarily aims at exploring how the couple stresses parameter
(K') and the Kelvin—Voigt parameter (7) influence the critical Reynolds number
(Re), the wave number (a), and the critical wave number (a.). One of the most
important parts of this analysis is finding out how many collocation points are
enough to guarantee the accuracy and reliability of the results when using both
Method I and Method II in the Chebyshev collocation scheme. Several sets
of collocation points, symbolized by =, have been used to calculate the critical
Reynolds number (Re.) for various values of 7, where K = 0.005 is kept constant.
The corresponding results are captured in Tables [1| and

The experiment demonstrated in Tables [1] and |2 clearly shows that the cal-
culated Re. for various ns initially has inconsistencies with = but eventually
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TABLE 1. Re. for different values of = and n with K = 0.005 and for Method I.

n 2=40 =2=50 E=60 =2=70 =280 2=90
0.0002 | 4713.55215 | 4713.39280 | 4713.39208 | 4713.39208 | 4713.39208 | 4713.39208
0.00021 | 4843.98930 | 4843.73936 | 4843.73850 | 4843.73851 | 4843.73849 | 4843.73849
0.00022 | 4982.60293 | 4982.23426 | 4982.23324 | 4982.23324 | 4982.23325 | 4982.23325
0.00023 | 5130.25413 | 5129.73050 | 5129.72930 | 5129.72929 | 5129.72930 | 5129.72930
0.00024 | 5287.93767 | 5287.21251 | 5287.21111 | 5287.21111 | 5287.21112 | 5287.21112
0.00025 | 5456.81014 | 5455.82386 | 5455.82222 | 5455.82222 | 5455.82223 | 5455.82223
0.00026 | 5638.22581 | 5636.90252 | 5636.90062 | 5636.90061 | 5636.90061 | 5636.90061
0.00027 | 5833.78266 | 5832.02641 | 5832.02421 | 5832.02421 | 5832.02421 | 5832.02421
0.00028 | 6045.38225 | 6043.07312 | 6043.07065 | 6043.07068 | 6043.07064 | 6043.07064
0.00029 | 6275.30845 | 6272.29892 | 6272.29619 | 6272.29614 | 6272.29620 | 6272.29620
0.0003 | 6526.33268 | 6522.44600 | 6522.44306 | 6522.44305 | 6522.44308 | 6522.44308
0.00031 | 6801.85679 | 6796.88968 | 6796.88671 | 6796.88671 | 6796.88670 | 6796.88670
0.00032 | 7106.11057 | 7099.84637 | 7099.84367 | 7099.84374 | 7099.84363 | 7099.84363
0.00033 | 7444.43144 | 7436.67377 | 7436.67186 | 7436.67183 | 7436.67186 | 7436.67186
0.00034 | 7823.67104 | 7814.31796 | 7814.31787 | 7814.31796 | 7814.31786 | 7814.31786
0.00035 | 8252.80806 | 8242.00389 | 8242.00741 | 8242.00751 | 8242.00733 | 8242.00733
0.00036 | 8743.91462 | 8732.34776 | 8732.35810 | 8732.35805 | 8732.35807 | 8732.35807
0.00037 | 9313.77643 | 9303.24864 | 9303.27127 | 9303.27126 | 9303.27137 | 9303.27137
0.00038 | 9986.83873 | 9981.32922 | 9981.37405 | 9981.37419 | 9981.37424 | 9981.37424
0.00039 | 10801.19388 | 10808.79442 | 10808.87946 | 10808.87947 | 10808.87952 | 10808.87952
0.0004 | 11822.57450 | 11858.79068 | 11858.94976 | 11858.94972 | 11858.94976 | 11858.94976

becomes more and more stable as the number of collocation points grows, thus
showing the convergence of both methods. Having = = 90 is of a precision level
of at least six significant digits. Method II, on the other hand, is significant for
reaching the set accuracy in a more cost-efficient way since it needs less colloca-
tion points. Therefore, Method II was used hereafter, and Z = 100 was selected
for all the runs to ensure continuity and dependability.

Method I is a very satisfactory choice for hydrodynamic stability problems
due to its accuracy and flexibility. However, it takes more CPU time and more
polynomials to reach similar accuracy levels when compared to Method II. On
the other hand, Method II is more accurate and uses less polynomials for sig-
nificant accuracy and faster convergence, even though it is less flexible. This is
a very beneficial feature for lengthy hydrodynamic stability investigations.

By employing a smaller number of Chebyshev polynomials, Method IT man-
ages to maintain the desired accuracy, thus resulting in simpler eigenvalue ma-
trices. Interestingly, in order to keep remarkable accuracy, Method II primarily
relies on even, numbered polynomials, such as 7y, T3, . . ..
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TABLE 2. Re. for different values of = and n with K = 0.005 and for Method II.

n ==30 = =140 Z =50 = =60
0.0002 | 4713.39208 | 4713.39207 | 4713.39208 | 4713.39208
0.00021 | 4843.73850 | 4843.73850 | 4843.73849 | 4843.73849
0.00022 | 4982.23325 | 4982.23324 | 4982.23325 | 4982.23325
0.00023 | 5129.72931 | 5129.72930 | 5129.72930 | 5129.72930
0.00024 | 5287.21111 | 5287.21111 | 5287.21112 | 5287.21112
0.00025 | 5455.82222 | 5455.82221 | 5455.82223 | 5455.82223
0.00026 | 5636.90061 | 5636.90060 | 5636.90061 | 5636.90061
0.00027 | 5832.02423 | 5832.02422 | 5832.02421 | 5832.02421
0.00028 | 6043.07064 | 6043.07064 | 6043.07064 | 6043.07064
0.00029 | 6272.29619 | 6272.29618 | 6272.29620 | 6272.29620
0.0003 | 6522.44305 | 6522.44306 | 6522.44308 | 6522.44308
0.00031 | 6796.88670 | 6796.88670 | 6796.88670 | 6796.88670
0.00032 | 7099.84367 | 7099.84365 | 7099.84363 | 7099.84363
0.00033 | 7436.67188 | 7436.67185 | 7436.67186 | 7436.67186
0.00034 | 7814.31790 | 7814.31791 | 7814.31786 | 7814.31786
0.00035 | 8242.00743 | 8242.00743 | 8242.00733 | 8242.00733
0.00036 | 8732.35812 | 8732.35815 | 8732.35807 | 8732.35807
0.00037 | 9303.27132 | 9303.27141 | 9303.27137 | 9303.27137
0.00038 | 9981.37409 | 9981.37422 | 9981.37424 | 9981.37424
0.00039 | 10808.87955 | 10808.87996 | 10808.87952 | 10808.87952
0.0004 | 11858.94980 | 11858.94985 | 11858.94976 | 11858.94976

From the Orr—-Sommerfeld equation, eigenvalues are generally complex. The
imaginary part corresponds to oscillatory behavior while the real part controls
the growth or decay of perturbations over time. The distribution of these eigen-
values in the complex plane reveals the general pattern of the spectrum. When
the Reynolds number is low enough, the flow is stable because all the eigenvalues
have a negative real part. This means that the disturbances in the system will
fade away and thus the flow will remain laminar.

As the Reynolds number increases, there is a group of eigenvalues with
positive real parts, which indicates that disturbances can grow exponentially,
thus the flow can become unstable. The critical Reynolds number, Re., is the
point when the first eigenvalue with a positive real part appears. These un-
stable eigenvalues often represent a continuous branch in the complex plane,
going from the origin to positive real values. The exact form and direction of
this branch depend on the flow configuration and the boundary conditions used.
At the same time, the imaginary parts of these eigenvalues are the frequencies
of the oscillations of the disturbances that are becoming bigger. Typically, higher
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Reynolds numbers correspond to disturbances oscillating at higher frequencies,
which means that the instability evolves faster.

A deeper insight into the stability characteristics of the flow can be obtained
by examining both the growth rate-given by the positive real part of the most
unstable eigenvalue-and the corresponding spatial structures, represented by
the eigenfunctions associated with the instability. The behavior of the spectrum,
as described by Eqgs. and , closely resembles that of the classical
Poiseuille flow in the Orr—Sommerfeld problem, which serves as a fundamental
benchmark in fluid dynamics.

Figures [1| and [2] illustrate the spectral growth rate ¢ = ¢, + ic; results of
Methods I and II, respectively. From the pictures, the skewness of the “tail”
of the figures lessens if the number of polynomials is increased. However, if one
pursues the elimination of the tail skewness too closely, one will start making
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Fic. 1. Spectral of growth rate ¢ = ¢, + ic; for Method I with n = 0.0004, K = 0.005,
a =1 and Re = 100000.
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and Re = 100000.

errors at the peak, as it was discovered in [58, 59]. A side by side comparison
between Figs. [1] and [2| reveals that Method II manages to reduce the amount
of skewness in the tail with fewer polynomials than Method I, which is further
evidence of the numerical stability of Method II.

Table [3{compares our study and a previous investigation in [42] with a side by

side presentation of some key parameters such as the Reynolds number Re., wave
number a. and wave speed c.. It should be kept in mind that the earlier work did
not consider couple stress, so we have taken the case where the couple stress
parameter is zero K = (0. The table data indicates that the critical Reynolds
numbers Re. from both the studies are in very close agreement, being precise to
at least five decimal places. Similarly, the values of a. and ¢, are in agreement,

coinciding up to six decimal places.
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TABLE 3. Comparison between the critical Reynolds number Re., the critical wave
number a., and the critical wave speed c. of and this paper for K = 0.

Present & K =0 42
: [42)
Re. e Ce Re. e Ce

0 |5772.221816 | 1.020547 | 0.264000 | 5772.221817 | 1.020547 | 0.264000
1078 | 5772.654702 | 1.020532 | 0.263994 | 5772.654703 | 1.020532 | 0.263994
1075 | 5815.883702 | 1.019037 | 0.263463 | 5815.883703 | 1.019037 | 0.263463
1077 | 6246.323550 | 1.004931 | 0.258440 | 6246.323551 | 1.004931 | 0.258440

Figures[3{a) and (b) depict the effects of changes in the parameter K on the
critical Reynolds number, Re., at various 7 levels. On the other hand, Figs. c)
and (d) illustrate the Re. changes with 7 for different K values. The graphs here
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F1G. 3. The critical Reynolds number Re. against K for different values of 7 in (a) and (b),
and against 7 for different values of K in (c) and (d).
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show stable and unstable zones: the domains under the curves correspond to sta-
bility, in which the disturbances tend to decrease, while the domains above the
curves correspond to instability, which is characterized by at least one positive
eigenvalue being present. The overall drop in Re. with increases in K and 7 high-
lights the effect of these factors on flow instability in these figures. The relation-
ship between (Re.) and (K) and () shows that Re. begins to rise dramatically
at larger levels, particularly as K increases. Stronger couple stresses increase
the fluid’s resistance to deformation caused by internal micro-rotations. This
added resistance can suppress flow perturbations and stabilise the flow against
instabilities. Also, at higher levels, the couple stresses effectively increase the
system’s rotational stiffness and the energy required to create instabilities. This
leads to an increase in the critical Reynolds number, meaning that higher flow
velocities (or higher Reynolds numbers) are now required to induce instability.
Thus, the fluid becomes more stable as the value of the couple stresses increases.

When the Kelvin—Voigt parameter (especially related to viscosity begins to
increase, the stabilisation effect becomes more pronounced. This happens be-
cause the dominant factor becomes the increased dissipation of energy due
to higher viscosity. In simpler terms, the fluid becomes “thicker” and more resis-
tant to fluctuations and disturbances that might otherwise grow under less vis-
cous conditions. Higher viscoelasticity thus dampens instabilities and raises the
critical Reynolds number, indicating a stabilisation of the flow. The behaviour at
lower and higher values of the Kelvin—Voigt parameter can be seen as a transition
from a regime where the flow dynamics are being altered by the introduction
of new behaviour (viscoelasticity), which might not initially fit well with the
existing flow regime, to a regime where the viscoelastic effects dominate and
stabilise the flow through increased dissipation and resistance to deformation.

Figure [4] presents the relationship between the critical wave number a. and
the parameters K and 7. The curves displayed illustrate how the critical wave
speed ¢, varies as a function of K in panels (a) and (b), and as a function of 7 in
panels (c) and (d). As observed in this figure, the critical wave number a,. exhibits
distinct responses to changes in these parameters. Figures [4[a) and (b) show
that increasing the value of K leads to an increase in the critical wave number.
The fluid resists rotational deformation more when the couple stress parameter
rises. This indicates that the fluid is less vulnerable to variations in the way its
constituent particles rotate. Additionally, this higher resistance keeps the fluid
flow stable in the face of disturbances. Put differently, the fluid exhibits enhanced
resistance to minor perturbations, hence postponing the start of instabilities.
Moreover, the critical wave number rises as a result of the stabilising effect. In
terms of physics, this means that in order to disrupt the flow, smaller wavelength
disturbances (or greater spatial frequency) are now necessary. The instability
threshold thus moves to greater wave numbers.
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FiG. 4. Critical wave number a. against K for different values of 7 in (a) and (b), and
against 1 for different values of K in (c) and (d).

From Figs. [4c) and (d), we note also that increasing the value of 7 leads to
a decrease in the critical value of the wave number. When the Kelvin—Voigt pa-
rameter increases, the following effects occur. First, viscous damping increases
with greater values of the Kelvin—Voigt parameter. As a result, the amplitude
of disturbances will gradually decrease due to the fluid’s increased ability to
disperse energy. Additionally, when damping occurs, the fluid’s elasticity rises,
aiding in the fluid’s ability to return to its initial condition following distur-
bance. This elastic recovery prevents disturbances from growing. Additionally,
as a result of the enhanced damping and elasticity, the fluid becomes more sta-
ble in response to disturbances of short wavelengths. Consequently, the flow is
now more susceptible to destabilisation by disturbances with longer wavelengths
(lower spatial frequencies). The critical wave number decreases as a result of
this shift, suggesting that instability can be caused by disturbances at lower
frequencies.



20 S. S. HajooL, A. J. HARFASH

The critical ¢, is examined in Fig. [5| in connection with variations of K
and 7. Figure [f|a) and (b) illustrate how ¢, changes with K for various 7 val-
ues, while Fig. [5c) and (d) show how c. varies with 7 for various K values.
Figure [5(a) shows a trend where c, tends to increase as the parameter K rises.
A fluid with a higher couple stresses factor is more resistant to deformations
caused by rotation. Additional moments and forces operating inside the fluid
to oppose changes in the rotational motion of fluid particles are the cause of
this resistance. Furthermore, the fluid’s stiffness is effectively increased by the
increased rotational resistance. This is due to the fact that the couple stresses
give the conventional stresses a rotating component by contributing to the total
stress tensor. Furthermore, fluid disturbances can spread more quickly because
of the increased stiffness and rotational resistance. This is comparable to the
way waves move more quickly through harder media than through softer ones.
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Because of its improved microstructure’s ability to transfer disturbances more
effectively, the fluid’s greater stiffness enables the fluid to support higher wave
speeds.

From Fig. [5{c) and (d), we note that the increase in 7 results in a significant
decrease in the critical wave speed. The Kelvin—Voigt parameter represents the
viscous component of the fluid. Higher viscous resistance to deformation corre-
sponds with higher values of 7. The wave amplitude is attenuated as a result of
this enhanced damping effect’s tendency to disperse energy from the propagat-
ing waves. Furthermore, the energy available for wave propagation is decreased
due to the increased viscous damping. As a result of the viscous forces acting to
oppose the motion of the wavefront and hence slow down the transmission of dis-
turbances, waves move through the fluid more slowly. Additionally, the critical
wave speed drops as a result of the increased damping. This implies that a wave
can move at a lower minimum speed before it is totally damped out. In a visco-
elastic medium with a greater Kelvin—Voigt value, waves must propagate more
slowly to keep their energy dissipation due to the increased viscosity.

6. Conclusions

Our research focuses on developing computational methods to identify insta-
bility thresholds in simulations of complex fluids, similar to those described by
the Kelvin—Voigt model, while considering the effects of couple stress. To ensure
reliable results, we leverage Squire’s theorem, which suggests inherently greater
stability in two-dimensional (2D) fluid motion compared to three-dimensional
(3D) flow. This allows us to concentrate on 2D stability analysis.

To solve the problem of eigenvalues resulting from linear analysis, two Cheby-
shev collocation methods were adopted. These methods are considered appropri-
ate ways to deal with this type of problem, especially with regard to boundary
conditions. Furthermore, these methods are highly efficient in approximating
derivatives numerically. Therefore, these methods are necessary to study the in-
stability of fluid flow in the current model and similar models. These methods
were used to determine critical thresholds for linear instability with very high
efficiency and accuracy.

There are some conclusions drawn from the current study, which can be
summarized as follows:

1. For fluid flow issues, increasing the couple stress factor increases stability
through a number of ways involving changes to the fluid’s viscosity, mi-
crostructural behaviour, and interaction with external forces.

2. The couple stress factor introduces additional stress terms because the fluid’s
particles can resist deformation and help stabilize the flow. This mechanism
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is highlighted in [60], who investigated couple-stress fluid helical flows inside
a circular cylinder.

3. Improved stability is a result of the couple stress parameter’s reduction in
drag force, pressure, and fluid velocity. The work in [61] on the creeping flow
of couple stress fluid past a fluid sphere provides evidence of this stabilising
impact.

4. When compared to typical viscous fluids, the couple stress parameter in-
creases drag by providing resistance to flow. According to a research on os-
cillating flow across a permeable sphere in [62], this additional resistance
stabilises the flow.

5. For fluid flow issues, increasing the Kelvin—Voigt factor increases stability
through a number of methods including viscosity changes, shear effects, and
energy dissipation.

6. The viscosity of a fluid is represented by the Kelvin—Voigt factor. Higher
viscosity, which improves kinetic energy dissipation and attenuates flow dis-
turbances, is indicated by higher values of this characteristic. This is especially
clear from the work in [63], whereby Kelvin-Helmholtz instability is stabilised
by raising the Kelvin—Voigt factor through altering the relative velocity’s crit-
ical value.

7. By increasing the Kelvin—Voigt factor, the shear term’s contribution to the
generation of disturbance kinetic energy — which stabilises the flow — is in-
creased. In [64], this mechanism is studied in the context of convection-
diffusion of binary mixtures.
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